Numerical results demonstrate that this method is a promising and powerful tool for solving the fifth-order boundary value problems.
Introduction
The fifth-order boundary value problems which arise in the mathematical modeling of viscoelastic flows and other branches of mathematical, physical and engineering sciences, have been widely studied by many authors [1, 2, 3] . The literature of numerical analysis contained little on the solution of the fifth-order boundary value problems [4] . The conditions for the existence and uniqueness of solutions of such problems were thoroughly discussed in a book by R.P. Agarwal [5] . Two numerical algorithms namely spectral Galerkin methods and spectral collocation methods, were applied to address the numerical issues related to this type of problems [1, 2] , respectively. Moreover, the fifthorder boundary value problems were investigated by M.S. Khan by using finite difference methods [6] , and considered by A.M. Wazwaz by means of Adomian decomposition methods [7] . Recently, M. A. Khan et al. presented a class of methods based on non-polynomial sextic spline functions for the solution of a special fifth-order boundary-value problem [8] , M. El-Gamel employed the Sinc-Galerkin method to solve the fifth-order boundary value problems [9] , and M. A. Noor et al. applied the homotopy perturbation method for solving the fifth-order boundary value problems [10] . We should point out that these approaches which were provided to solve this type of problems require a large amount of computational effort. In this paper, the variational iteration method will be proposed to solve the fifth-order boundary value problems.
The variational iteration method, which was first proposed by J.H. He [11, 12] and systematically illustrated in 1999 [13] , has been proved by many authors to be a powerful mathematical tool for various kinds of nonlinear problems. It was successfully applied to Burger's equation and coupled Burger's equation [14] , to generalized KdV and coupled Schrodinger-KdV [15] , to delay differential equations [11] , to Duffing equation with non-linearity of fifth order and mathematical pendulum [16] , to autonomous ordinary differential systems [14] , to construct solitary solution and compacton-like solution [17] , and other problems [18] [19] [20] [21] [22] . The variational iteration method has many merits and advantages over the Adomian decomposition method [13, 23, 24] .
We focus on dealing with the fifth-order boundary value problems by using the variational iteration method. Three numerical examples will be presented to verify the efficiency of the variational iteration method. Compared with the sixth-degree B-spline function method [4] , the Adomian decomposition method [7] and Sinc-Galerkin method [9] , the variational iteration method provides an efficient approach to solve the fifth-order boundary value problems without discretization and the computation of the Adomian polynomials.
The rest of this paper is organized as follows. In section 2, we give the analysis of the variational iteration method. The fifth-order boundary value problem is introduced, and solved by the variational iteration method in sections 3,4. In section 5, we present numerical results to demonstrate the efficiency of the variational iteration method with the help of two linear and two nonlinear examples.
Analysis of the variational iteration method
To illustrate its basic concepts of the variational iteration method [13, 14] , we consider the following differential equation:
( )
where L is a linear operator, N is a nonlinear operator, and ( )
is an inhomogeneous term. Then, we can construct a correct functional as follows:
where λ is a general Lagrange multiplier [11, 12, 16] , which can be optimally identified via variational 
The fifth-order boundary value problem
Consider the general fifth-order boundary value problem
with the boundary conditions
where f is continuous function on 
The variational iteration method for the fifth-order boundary value problem
For the fifth-order boundary value problem (3) with suitable boundary conditions (4), according to the variational iteration method [11] [12] [13] 19] , its variational iteration formula reads problem, then two nonlinear problems which were investigated by A.M. Wazwaz [7] and M. ElGamel [9] will be discussed, respectively. The absolute error will be used to verify the efficiency of the variational iteration method. Example 1. Consider the linear fifth-order boundary value problem
The analytical solution of (4) is given by ( )
Now we begin with the initial approximation ( ) (10) Substituting (10) into (9), it follows that the approximate solution is given by ( ) Table 1 exhibits the analytical solutions, the approximate solutions obtained by variational iteration method, and the absolute errors. Obviously, the variational iteration method provides high accuracy compared with the analytical solutions. Note that we get the high accuracy only by one iteration, and the accuracy can be further improved by considering more components of the iteration formula. Example 2. Consider the nonlinear fifth-order boundary value problem [7] ( ) ( ) ( ) with the boundary conditions
The analytical solution of (12) 
The analytical solution of (18) 
Substituting (23) into (22) variational iteration method provides the approximate solutions obtained by one iteration in good agreement with the analytical solutions.
Conclusions
Variational iteration method is applied to solve the fifth-order boundary value problems. Compared with the sixth-degree B-spline function method, the Adomian decomposition method and Sinc-Galerkin method, the variational iteration method provides an efficient approach to solve the fifth-order boundary value problems without discretization and the computation of the Adomian polynomials. Numerical results are presented to show the efficiency of the variational iteration method. Therefore, this method is a promising and powerful tool for solving the fifthorder boundary value problems.
